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Abstract—In this paper, a time-domain back-projection based
tomographic processing approach to a 3-D reconstruction grid
is detailed, with the focusing in the third dimension being either
modified versions of multilook standard beamforming, robust
Capon beamforming, or multiple signal classification. The novel
feature of the proposed approach compared to previous synthetic
aperture radar (SAR) tomography approaches is that it allows for
an approximation-free height-dependent calculation of the sample
covariance matrix by exploiting the azimuth-focused data on the
3-D reconstruction grid. The method is applied to experimental
multibaseline quad-pol SAR data at L- and P-bands acquired by
German Aerospace Center’s (DLR) E-SAR sensor: Tomographic
images of a partially forested area, including a 3-D voxel plot that
visualizes the very high level of detail of the tomographic image,
are shown, and an analysis of the focusing performance is given
for the full as well as reduced synthetic aperture in the normal
direction.

Index Terms—Airborne radar, beamforming, Capon beam-
former, forestry, interferometry, L-band, multibaseline, multiple
signal classification (MUSIC), P-band, polarimetry, SAR process-
ing, SAR tomography, synthetic aperture radar (SAR), three-
dimensional (3-D) imaging, time-domain back-projection (TDBP),
tomography.

I. INTRODUCTION

TOMOGRAPHIC imaging using multibaseline (MB) syn-
thetic aperture radar (SAR) data extends the 2-D imaging

capabilities of conventional SAR to the third dimension by
forming a synthetic aperture (SA) in two dimensions with
the result that different scatterers—with whatever scattering
mechanisms—that lie within the same range distance in con-
ventional SAR images are no longer inseparable. This property
can be exploited for the reconstruction of volumetric structures
that are semitransparent to microwaves such as forested areas,
as well as for a more detailed imaging of built-up areas and
mountainous regions exhibiting layover regions.
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Fig. 1. Tomographic acquisition scenario and the 3-D reconstruction grid.
y(z0, rg0 , a0) is a vector containing the azimuth-focused signals from K flight
tracks at position (z0, rg0 , a0) of the reconstruction grid. rg is the ground
range, a is the azimuth direction, and z indicates the height within the imaged
volume.

It has been shown already in [1] that time-domain-based
beamforming in the normal direction is less susceptible to
irregular sampling, as found in MB airborne SAR, than fast-
Fourier-transform-based methods [2]. Recently, a number of
approaches in order to improve the quality of tomographic
SAR imaging have been proposed, e.g., [3]–[9]. Beamforming
techniques such as the Capon beamformer [10] and multiple
signal classification (MUSIC) [11] resolve targets beyond the
Fourier resolution. The MUSIC algorithm possesses an inherent
robustness against steering vector errors [12]. In the case of
the Capon beamformer, an improved resolution and a better
sidelobe suppression are obtained if the unknown true steering
vector a is estimated along with the power, a method termed
robust Capon beamforming (RCB) [13]. The motivation to
process the data entirely in the time domain is driven by the
need to achieve maximal focusing quality for both L- and
P-band MB data sets. Our time-domain back-projection
(TDBP)-based implementation has proven to yield excellent
imaging results even in the case of atypical acquisition geome-
tries [14]. In [15], first tomographic images at P-band obtained

0196-2892/$26.00 © 2011 IEEE



FREY AND MEIER: 3-D TIME-DOMAIN SAR IMAGING OF A FOREST 3661

Fig. 2. Impulse responses from a trihedral reflector using three approaches to focus the MB data (HH) in the normal direction: MLBF, RCB, and MUSIC
beamforming. (a) L-band, full SA (16 tracks). (b) L-band, reduced SA (eight tracks). (c) P-band, full SA (11 tracks). (d) P-band, reduced SA (six tracks). Twenty
looks.

from an airborne MB data set have been presented using the
TDBP method to produce 3-D single-look tomograms of a
forested area. Despite having achieved a good focusing per-
formance in terms of resolution, the suppression of anomalous
sidelobes and ambiguous targets was unsatisfactory.

In this paper, the TDBP-based tomographic processing ap-
proach proposed in [15] is extended for multilook beamforming
(MLBF), RCB, and MUSIC such that the sample covariance
matrices are calculated as a function of height. Given the 3-D
reconstruction grid, truly vertical tomographic profiles are ob-
tained of a partially forested area. Two airborne MB data sets,
at L- and P-bands (see companion paper [16]), are used as
experimental data to examine the performance of the different
algorithms. While the paper at hand focuses on signal process-
ing aspects of SAR tomography, a thorough analysis of the
resulting 3-D data products with respect to the location and

type of backscattering sources within a forested area is found
in a companion paper [16].

II. DATA MODEL AND FOCUSING METHODS

In Fig. 1, a MB flight pattern is depicted representing
a typical airborne case where motion deviations from ide-
ally linear and parallel flight tracks are present. In addition,
the 3-D reconstruction grid to which the data are focused
within the pursued TDBP processing scheme is depicted. There
are K individual flight tracks flown in an, ideally, parallel
fashion. The vector y(z0, rg0 , a0) contains the demodulated
azimuth-focused signals from K flight tracks at position
(z0, rg0 , a0) of the reconstruction grid. In general, the signal
vector y is

y(z, rg, a) = [y1(z, rg, a) . . . yK(z, rg, a)]
T (1)
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Fig. 3. Tomographic image (3-D voxel plot) of a partially forested area obtained from TDBP-based height-dependent MUSIC beamforming of polarimetric
airborne repeat-pass MB SAR data at L-band. Individual scaling. Red (HH), green (HV), and blue (VV). Low intensity = high transparency of the voxel.

where rg is the ground range position, a is the azimuth position,
and z indicates the height within the imaged volume. This
representation of the signal vector is given with respect to
the coordinate system of the 3-D reconstruction grid. For the
sake of readability, the horizontal positioning (rg and a) of
the data vector is omitted in the following. Hence, y(z) is the
signal for a specific voxel at height z. For p sources, the signal
vector y, which represents the signal impinging on the across-
track positions (repeat-pass flight tracks) of the antenna array
synthesized in the normal direction, becomes

y = [a1 . . . ap ]

⎡
⎣
s1
...
sp

⎤
⎦+ e = As+ e (2)

where y is the complex demodulated signal vector, aj =

[1 eiϕ2 . . . eiϕK ]
T are called the steering vectors, with ϕm =

−2kc(rm − r1), m = 1 . . .K (kc is the central wavenumber
and rm is the range distance from the backscattering element
to the mth sensor position), and e = [e1 . . . eK ]T denotes un-
correlated noise. s = αeiφ is the signal by a particular source
(backscattering element). y and e are assumed to be zero-
mean complex Gaussian distributed with covariance matrices
R = yyH and σ2I, respectively; (.)H stands for the complex
conjugate transpose of a matrix, and I is the identity matrix.

MLBF has been applied using the time-domain back-
projection based approach sketched in [17]. The main steps
to compute the location of the scatterers based on MUSIC
[11] are the following: 1) determine the eigen decomposition
R = UDUH ; 2) permute matrix elements such that the eigen-
values in D are sorted in nonincreasing order γ1 ≥ γ2 ≥ . . . ≥
γK , with the matrix of eigenvectors U adjusted accordingly;
3) set a relative threshold [8] for the eigenvalue that separates

signal and noise subspaces; and 4) estimate the locations of the
sources by

P̂M =
1

aHGGHa
(3)

with G = [up+1 . . .uK ] containing the noise space eigenvec-
tors. Li et al. [18] and Stoica et al. [13] have proposed a robust
version of the Capon beamformer, and its application in the
context of SAR tomography is reported in [19]. Their approach
has been used in this paper for RCB, and in the following,
we indicate the steps to compute the robust Capon beam-
former, which is found by solving the following expression
[18]: maxa,PC

PC subject to R− PCaa
H , (a− ā)HC−1(a−

ā) ≤ 1. Using (1) the fact that PC = 1/(aHR−1a) maximizing
PC is equivalent to minimizing aHR−1a, (2) assuming that
a = 0 is not part of the uncertainty ellipsoid, i.e., the solution
to a will lie on the boundary of the ellipsoid, and, furthermore,
(3) as there is no sufficient a priori information about the
variance of the individual components of the steering vector,
the covariance matrix C is set to C = εI, and the estimation
problem reduces to the following quadratic problem with a
quadratic equality constraint mina a

HR−1a subject to ‖a−
ā‖2 = ε. This expression can then be solved efficiently by
using the Lagrange multiplier approach F (a, λ) = aHR−1a+
λ · (‖a− ā‖2 − ε). The robust Capon beamformer is computed
as follows:

1) Eigen decomposition of R = UDUH and b = UH ā.
2) Solve

∑K
m=1(|bm|2/(1 + λγm)2) = ε for the Lagrange

multiplier λ, given the fact that there is a unique solu-
tion in the interval [λlow, λup] (see [20]), where λlow =
(‖ā‖ − √

ε)/(γ1
√
ε) and λup = (‖ā‖ − √

ε)/(γK
√
ε).

3) Estimate (â) the unknown steering vector a: â = ā−
U(I+ λD)−1b.
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4) Using the knowledge that the true steering vector a satis-
fies the condition aHa = K, the estimated power finally
yields [20]

P̂C =
âH â

KâHUΓ−1UH â
. (4)

III. RESULTS

The basis for a comparison of the focusing quality in the
normal direction is given by means of an analysis of the
different impulse responses obtained by varying the following
parameters: 1) focusing technique (MLBF, RCB, and MUSIC
beamforming); 2) full and reduced (half) lengths of the SA in
the normal direction; and 3) frequency (L-band and P-band MB
data). The respective impulse responses as a function of the
relative distance in the normal direction are shown in Fig. 2.
The impulse responses have been measured based on a trihedral
reflector.

Fig. 3 depicts a 3-D voxel plot representation of the partially
forested area under study obtained from TDBP-based height-
dependent MUSIC beamforming of the polarimetric MB SAR
data at the L-band. Fig. 4 contains vertical slices through the
volume for the RCB- and MUSIC-focused tomograms at the L-
and P-bands. In addition, the tomographic slices are overlaid
by a digital elevation model (DEM) and a digital surface model
(DSM) created from airborne laser scanning data (TopoSys
GmbH).

IV. DISCUSSION AND CONCLUSION

1) Analysis of the Impulse Response: Compared to MLBF,
both techniques, RCB and MUSIC beamforming, deliver a
much improved suppression of the sidelobes in all cases, the full
and the reduced SA as well as at both frequencies. Furthermore,
RCB and MUSIC are able to maintain a high resolution also for
the reduced SA, whereas for MLBF, the resolution degrades
considerably. Using RCB or MUSIC, the sidelobes are low
(this is also visible in the vertical profile plot when examining
the nonforested areas). The remaining calibration errors in the
steering vectors can be mitigated by using RCB or MUSIC,
which are both robust against miscalibration, and they therefore
leave the focusing quality unaffected.

2) Tomographic Images: A tomographic 3-D voxel image
of a forested area at a very high level of detail is obtained. For
instance, gaps in the canopy due to features like small forest
roads of a width of a few meters only are clearly visible at
the given ground range azimuth resolution. Other techniques
that have been proposed in the literature to characterize forest
by either SAR tomography or polarimetric SAR interferometry
approaches work with an averaging at a completely different
scale (Tebaldini [9], for instance, used a 50 m × 50 m aver-
aging window, corresponding to about 350 independent looks,
whereas 20 looks have been applied in this paper). It can be
stated that, at the L-band, both the canopy layer and the ground
level are detected. Also, at the P-band, the canopy and the
ground beneath are well separated. However, backscattering
from the crown layer occurs only sparsely compared to the

Fig. 4. Vertical slices through a 3-D volume of a forested area obtained
from quad-pol MB at L- and P-bands. Red (HH), green (HV), and blue (VV).
Individual scaling. (Grayed area) Ambiguous target regions. The tomographic
slices run in south-northern direction and are overlaid by the DEM/DSM (solid
red/green line) from ALS. Top down: RCB and MUSIC at L- and P-bands,
respectively.

L-band data. On the other hand, the ground level is virtually
continuously detected at the P-band, indicating a high level of
foliage penetration.

Concluding, a time-domain-based tomographic SAR imag-
ing method has been presented that encompasses MLBF, RCB,
and MUSIC beamforming. An example of a MUSIC-focused
L-band MB data set, given as a 3-D voxel plot, demonstrates
the very high level of detail that is achieved compared to other
methods described in the literature so far. In our example,
features such as gaps in the canopy can be observed at locations
where the forest is intersected by narrow roads. With the help
of an exemplary vertical profile provided at L- and P-bands, a
qualitative impression of the high level of detail is obtained,
whereas good focusing performance is illustrated by means
of a quantitative analysis of the impulse responses obtained
from the different processing methods and configurations. For
a localization of the main scattering sources, e.g., for ground
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detection at the P-band, either RCB or MUSIC can be applied
even with a reduced SA in the normal direction. For the first
time, high-resolution tomographic SAR images of the same
forested area were presented at both the L-band and P-band.
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